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Abstract: We introduce Euler summability method for sequences of fuzzy numbers and state a Tauberian theorem
concerning Euler summability method, of which proof provides an alternative to that of K. Knopp[Über das Eu-
lersche Summierungsverfahren II, Math. Z. 18 (1923)] when the sequence is of real numbers. As corollaries, we
extend the obtained results to series of fuzzy numbers.
1 Introduction
A series
∑
an is said to be summable by means of the Euler summation method Ep to s if
lim
n→∞
1
(p+ 1)n
n∑
k=0
(
n
k
)
pn−ksk = s
where p > 0 and sn =
∑n
k=0 ak.
Euler summability method in original version for p = 1 was first introduced by L. Euler to accelerate the
convergence of infinite series and then developed for arbitrary values of p by K. Knopp [15, 16]. As well as being
used in the theory of divergent series to assign sums to divergent series, Euler summability method was applied to
various fields of mathematics. In approximation theory, authors used the method to improve the rate of convergence
of slowly-converging series and achieved to recover exponential rate of convergence for such series [6,7,12,17,20].
In function theory, the method was used to generate analytic continuations of functions defined by means of power
series and to determine the singular points of functions [5, 13, 14, 23]. For the applications in other fields of
mathematics , we refer the reader to [1, 8, 11, 18, 19, 34].
Following the introduction of the concept of fuzzy set by Zadeh [37], fuzzy set theory has developed rapidly
and aroused the attention of many mathematicians from different branches. In the branch of analysis in connection
with sequences and series, convergence properties of sequences and series have been given and different classes
of sequences of fuzzy numbers have been introduced [3, 24, 25, 29, 31–33]. Besides various summability methods
in classical analysis have been extended to fuzzy analysis to deal with divergent sequences of fuzzy numbers and
authors have given Tauberian conditions which guarantee the convergence of summable sequences [2,9,10,21,22,
26–28, 30, 36]. In addition to these studies, we now introduce the Euler summability method for fuzzy analysis
and prove a Tauberian theorem stating a sufficient condition for an Euler summable sequence of fuzzy numbers to
be convergent. This proof also provides an alternative to that given by K. Knopp [16] in case of sequences of real
numbers. Additionally, analogues of obtained results are given for series of fuzzy numbers.
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2 Preliminaries
A fuzzy number is a fuzzy set on the real axis, i.e. u is normal, fuzzy convex, upper semi-continuous and suppu =
{t ∈ R : u(t) > 0} is compact [37]. We denote the space of fuzzy numbers by E1. α-level set [u]α of u ∈ E1 is
defined by
[u]α :=
{ {t ∈ R : u(t) ≥ α} , if 0 < α ≤ 1,
{t ∈ R : u(t) > α} , if α = 0.
Each r ∈ R can be regarded as a fuzzy number r defined by
r(t) :=
{
1 , if t = r,
0 , if t 6= r.
Let u, v ∈ E1 and k ∈ R. The addition and scalar multiplication are defined by
[u+ v]α = [u]α + [v]α = [u
−
α + v
−
α , u
+
α + v
+
α ], [ku]α = k[u]α
where [u]α = [u−α , u+α ], for all α ∈ [0, 1].
Lemma 2.1. [4] The following statements hold:
(i) 0 ∈ E1 is neutral element with respect to +, i.e., u+ 0 = 0 + u = u for all u ∈ E1.
(ii) With respect to 0, none of u 6= r, r ∈ R has opposite in E1.
(iii) For any a, b ∈ R with a, b ≥ 0 or a, b ≤ 0 and any u ∈ E1, we have (a + b)u = au + bu. For general
a, b ∈ R, the above property does not hold.
(iv) For any a ∈ R and any u, v ∈ E1, we have a(u+ v) = au+ av.
(v) For any a, b ∈ R and any u ∈ E1, we have a(bu) = (ab)u.
The metric D on E1 is defined as
D(u, v) := sup
α∈[0,1]
max{|u−α − v−α |, |u+α − v+α |}.
Proposition 2.2. [4] Let u, v, w, z ∈ E1 and k ∈ R. Then,
(i) (E1,D) is a complete metric space.
(ii) D(ku, kv) = |k|D(u, v).
(iii) D(u+ v,w + v) = D(u,w).
(iv) D(u+ v,w + z) ≤ D(u,w) +D(v, z).
(v) |D(u, 0)−D(v, 0)| ≤ D(u, v) ≤ D(u, 0) +D(v, 0).
A sequence (un) of fuzzy numbers is said to be bounded if there existsM > 0 such that D(un, 0¯) < M for all
n ∈ N. By ℓ∞(F ), we denote the set of all bounded sequences of fuzzy numbers.
A sequence (un) of fuzzy numbers is said to be convergent to µ ∈ E1 if for every ε > 0 there exists an
n0 = n0(ε) ∈ N such that D(un, µ) < ε for all n ≥ n0.
Let (un) be a sequence of fuzzy numbers. Then the expression
∑
un is called a series of fuzzy numbers. Denote
sn =
∑n
k=0 uk for all n ∈ N, if the sequence (sn) converges to a fuzzy number ν then we say that the series
∑
un
of fuzzy numbers converges to ν and write
∑
un = ν. We say otherwise the series of fuzzy numbers diverges.
Additionally, if the sequence (sn) is bounded then we say that the series
∑
un of fuzzy numbers is bounded. By
bs(F ), we denote the set of all bounded series of fuzzy numbers.
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Remark 2.3. Let (un) be a sequence of fuzzy numbers. If (xn) is a sequence of non-negative real numbers, then
n∑
k=0
xk
k∑
m=0
um =
n∑
m=0
um
n∑
k=m
xk
holds by (iii) and (iv) of Lemma 2.1.
3 Main Results
Definition 3.1. Let (un) be a sequence of fuzzy numbers. The Euler means of (un) is defined by
tpn =
1
(p+ 1)n
n∑
k=0
(
n
k
)
pn−kuk (p > 0). (3.1)
We say that (un) is Ep summable to a fuzzy number µ if
lim
n→∞ t
p
n = µ.
Theorem 3.2. If sequence (un) of fuzzy numbers converges to µ ∈ E1, then (un) is Ep summable to µ.
Proof. Let un → µ. For any ε > 0 there exists n0 = n0(ε) such that D(un, µ) < ε2 whenever n > n0, and for
n ≤ n0 there existsM > 0 such that D(un, µ) ≤M . So, by (iv) of Proposition 2.2, we get
D (tpn, µ) = D
(
1
(p+ 1)n
n∑
k=0
(
n
k
)
pn−kuk, µ
)
= D
(
1
(p+ 1)n
n∑
k=0
(
n
k
)
pn−kuk,
1
(p+ 1)n
n∑
k=0
(
n
k
)
pn−kµ
)
≤ 1
(p+ 1)n
n∑
k=0
(
n
k
)
pn−kD(uk, µ)
=
1
(p+ 1)n
n0∑
k=0
(
n
k
)
pn−kD(uk, µ) +
1
(p+ 1)n
n∑
k=n0+1
(
n
k
)
pn−kD(uk, µ)
<
M
(p+ 1)n
n0∑
k=0
(
n
k
)
pn−k +
ε
2
·
There also exists n1 = n1(ε) such that
1
(p+1)n
n0∑
k=0
(
n
k
)
pn−k < ε2M whenever n > n1. Then we conclude that
D (tpn, µ) < ε whenever n > max{n0, n1}, which completes the proof.
An Ep summable sequence is not necessarily convergent. This is clear from the following example.
Example 3.3. Let (un) be a sequence of fuzzy number such that
un(t) =


t+ (−1)n+1, (−1)n ≤ t ≤ (−1)n + 1
−t+ (−1)n + 2, (−1)n + 1 ≤ t ≤ (−1)n + 2
0, (otherwise)
Since α−level set of un is [un]α = [(−1)n + α, (−1)n + 2− α], we get
[tpn]α =
[
1
(p+ 1)n
n∑
k=0
(
n
k
)
p
n−k{(−1)k + α}, 1
(p+ 1)n
n∑
k=0
(
n
k
)
p
n−k{(−1)k + 2− α}
]
=
[
(p− 1)n
(p+ 1)n
+ α,
(p− 1)n
(p+ 1)n
+ 2− α
]
.
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Then sequence of Euler means (tpn) converges to fuzzy number µ defined by
µ(t) =


t, 0 ≤ t ≤ 1
2− t, 1 ≤ t ≤ 2
0, (otherwise),
since D (tpn, µ) =
(p−1)n
(p+1)n → 0 as n→∞. However sequence (un) does not converge to any fuzzy number.
Now we give a Tauberian theorem stating a condition under which Ep summability of sequences of fuzzy num-
bers implies convergence. But before stating this theorem, we refer an inequality for the estimation of cumulative
distribution function of binomial law.
Let Xn,p be a random variable having the binomial distribution with parameters (n, p) and let P{Xn,p ≤ k}
represent the CDF of Xn,p for k ∈ {0, 1, . . . , n}:
P{Xn,p ≤ k} =
k∑
i=0
(
n
i
)
pi(1− p)n−i.
The following inequality concerning approximation of P{Xn,p ≤ k} has been proved recently by Zubkov and
Serov [38].
Theorem 3.4. Let H(x, p) = x ln
(
x
p
)
+ (1− x) ln
(
1−x
1−p
)
, and let increasing sequences (Cn,p(k)) be defined as
follows : Cn,p(0) = (1− p)n, Cn,p(n) = 1− pn,
Cn,p(k) = Φ
(
sgn(k − np)
√
2nH
(
k
n
, p
) )
for 1 ≤ k < n
where Φ is CDF of the standard normal distribution. Then for every k ∈ {0, 1, . . . , n− 1} and for every p ∈ (0, 1)
Cn,p(k) ≤ P{Xn,p ≤ k} ≤ Cn,p(k + 1)
and inequalities may happen for k = 0 or k = n− 1 only.
Theorem 3.5. If sequence (un) of fuzzy numbers is Ep summable to fuzzy number µ and
√
nD(un−1, un) = o(1),
then (un) converges to µ.
Proof. Let sequence (un) of fuzzy numbers be Ep summable to fuzzy number µ and
√
nD(un−1, un) = o(1) be
satisfied. Then (un) is also E⌈p⌉ summable to fuzzy number µ, by the following fact:
t
⌈p⌉−p
p+1
n (t
p
n) =
1( ⌈p⌉−p
p+1 + 1
)n n∑
k=0
(
n
k
)(⌈p⌉ − p
p+ 1
)n−k{ 1
(p+ 1)k
k∑
m=0
(
k
m
)
pk−mum
}
=
1
(⌈p⌉+ 1)n
n∑
k=0
(
n
k
)
(⌈p⌉ − p)n−k
{
k∑
m=0
(
k
m
)
pk−mum
}
=
1
(⌈p⌉+ 1)n
n∑
m=0
um
{
n∑
k=m
(
n
k
)(
k
m
)
(⌈p⌉ − p)n−k pk−m
}
=
1
(⌈p⌉+ 1)n
n∑
m=0
(
n
m
)
um
{
n−m∑
k=0
(
n−m
k
)
(⌈p⌉ − p)n−m−k pk
}
=
1
(⌈p⌉+ 1)n
n∑
m=0
(
n
m
)
⌈p⌉n−mum = t⌈p⌉n
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where ⌈·⌉ denotes ceiling function. For brevity we take q = ⌈p⌉ throughout the proof. Now, let prove the conver-
gence of sequence (un) to fuzzy number µ. We can write
D(un, µ) ≤ D
(
un, t
q
(q+1)n
)
+D
(
t
q
(q+1)n, µ
)
and since (un) is Eq summable to fuzzy number µ we know that D
(
t
q
(q+1)n, µ
)
= o(1). So it is sufficient to
show that D
(
un, t
q
(q+1)n
)
= o(1). By (iv) of Proposition 2.2 and by the condition
√
nD(un−1, un) = o(1) of the
theorem we get
D
(
t
q
(q+1)n, un
)
≤ 1
(q + 1)(q+1)n
(q+1)n∑
k=0
(
(q + 1)n
k
)
q(q+1)n−kD(uk, un)
= o(1)
{
1
(q + 1)(q+1)n
(q+1)n∑
k=0
(
(q + 1)n
k
)
q(q+1)n−k
{ |n− k|√
n
}}
= o(1)
{ √
n
(q + 1)(q+1)n
n∑
k=0
(
(q + 1)n
k
)
q(q+1)n−k − 1√
n(q + 1)(q+1)n
n∑
k=0
k
(
(q + 1)n
k
)
q(q+1)n−k
+
1√
n(q + 1)(q+1)n
(q+1)n∑
k=n+1
k
(
(q + 1)n
k
)
q(q+1)n−k −
√
n
(q + 1)(q+1)n
(q+1)n∑
k=n+1
(
(q + 1)n
k
)
q(q+1)n−k
}
= o(1)
√
n
{
n∑
k=0
(
(q+1)n
k
) (
1
q+1
)k (
q
q+1
)(q+1)n−k
−
n−1∑
k=0
(
(q+1)n−1
k
) (
1
q+1
)k (
q
q+1
)(q+1)n−1−k
+
(q+1)n−1∑
k=n
(
(q+1)n−1
k
) (
1
q+1
)k (
q
q+1
)(q+1)n−1−k
−
(q+1)n∑
k=n+1
(
(q+1)n
k
) (
1
q+1
)k (
q
q+1
)(q+1)n−k}
= o(1)2
√
n
{
n∑
k=0
(
(q+1)n
k
) (
1
q+1
)k (
q
q+1
)(q+1)n−k
−
n−1∑
k=0
(
(q+1)n−1
k
) (
1
q+1
)k (
q
q+1
)(q+1)n−1−k}
= o(1)2
√
n
{∑
1
−
∑
2
}
.
By Theorem 3.4, we obtain∑
1
≤ C(q+1)n, 1
q+1
(n+ 1)
= Φ
(√
2(q + 1)nH
(
n+ 1
(q + 1)n
,
1
q + 1
) )
= Φ


√√√√2 ln
({
n+ 1
n
}n+1{
qn− 1
qn
}qn−1)
=
1
2
+
1
2
erf


√√√√ln
({
n+ 1
n
}n+1{
qn− 1
qn
}qn−1)
and∑
2
≥ C(q+1)n−1, 1
q+1
(n− 1)
= Φ
(
−
√
2((q + 1)n − 1)H
(
n−1
(q+1)n−1 ,
1
q+1
) )
= Φ
(
−
√
2 ln
({
(q+1)(n−1)
(q+1)n−1
}n−1 { (q+1)n
(q+1)n−1
}qn) )
=
1
2
− 1
2
erf


√√√√ln
({
(q + 1)(n − 1)
(q + 1)n − 1
}n−1{ (q + 1)n
(q + 1)n− 1
}qn) .
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So we get
D
(
t
q
(q+1)n
, un
)
= o(1)
√
n

erf


√√√√ln
({
n+ 1
n
}n+1{ qn− 1
qn
}qn−1)+ erf


√√√√ln
({
(q + 1)(n − 1)
(q + 1)n− 1
}n−1 { (q + 1)n
(q + 1)n − 1
}qn)


= o(1)
2√
pi
√
n


√√√√ln
({
n+ 1
n
}n+1 {qn− 1
qn
}qn−1)
+
√√√√ln
({
(q + 1)(n− 1)
(q + 1)n− 1
}n−1{ (q + 1)n
(q + 1)n− 1
}qn)

= o(1)
2√
pi
{√√√√ln
({
n+ 1
n
}n+1{
qn− 1
qn
}qn−1)n
︸ ︷︷ ︸
−→
√
q+1
2q
(n→∞)
+
√√√√ln
({
(q + 1)(n − 1)
(q + 1)n − 1
}n−1{ (q + 1)n
(q + 1)n− 1
}qn)n
︸ ︷︷ ︸
−→
√
q
2(q+1)
(n→∞)
}
= o(1),
which completes the proof.
Theorem 3.6. If sequence (un) of fuzzy numbers is Ep summable to fuzzy number µ and
√
nD(un−1, un) = O(1),
then (un) ∈ ℓ∞(F ).
Proof. Let sequence (un) of fuzzy numbers be Ep summable to fuzzy number µ and
√
nD(un−1, un) = O(1) be
satisfied. From the proof Theorem 3.5, (un) is Eq summable to µ where q = ⌈p⌉. We also have
D(un, 0¯) ≤ D
(
un, t
q
(q+1)n
)
+D
(
t
q
(q+1)n, µ
)
+D(µ, 0¯).
Since (un) is Eq summable to µ, D
(
t
q
(q+1)n, µ
)
= O(1) holds. It is sufficient to show that D
(
un, t
q
(q+1)n
)
=
O(1). By hypothesis
√
nD(un−1, un) = O(1) of theorem, we have D(uk, un) = O(1)
|n−k|√
n
. Processing as in the
proof of Theorem 3.5 we obtain
D
(
un, t
q
(q+1)n
)
= O(1)
2√
pi
{√√√√ln
({
n+ 1
n
}n+1 {
qn− 1
qn
}qn−1)n
︸ ︷︷ ︸
−→
√
q+1
2q
(n→∞)
+
√√√√ln
({
(q + 1)(n− 1)
(q + 1)n− 1
}n−1 {
(q + 1)n
(q + 1)n− 1
}qn)n
︸ ︷︷ ︸
−→
√
q
2(q+1)
(n→∞)
}
,
which yields D
(
un, t
q
(q+1)n
)
= O(1) as n→∞ and proof is completed.
To any series of fuzzy numbers there corresponds a sequence of partial sums which is also of fuzzy numbers.
So Ep summability of a series of fuzzy numbers can be determined by Ep summability of corresponding sequence
of partial sums. As a result we can extend the results above to series of fuzzy numbers. At this point we note that,
the converse result extensions from series of fuzzy numbers to sequences of fuzzy numbers may not always be
possible since there are sequences of fuzzy numbers which can not be represented by series of fuzzy numbers. For
details we refer to [35].
Definition 3.7. A series
∑
un of fuzzy numbers is said to be Ep summable to fuzzy number ν if the sequence of
partial sums of the series
∑
un is Ep summable to ν.
Corollary 3.8. If series
∑
un of fuzzy numbers converges to fuzzy number ν, then it is Ep summable to ν.
Corollary 3.9. If series
∑
un of fuzzy numbers is Ep summable to fuzzy number ν and
√
nD(un, 0¯) = o(1), then∑
un = ν.
Corollary 3.10. If series
∑
un of fuzzy numbers is Ep summable to fuzzy number ν and
√
nD(un, 0¯) = O(1),
then (un) ∈ bs(F ).
The proof of Theorem 3.5 with Corollary 3.9 yields also the following Tauberian theorem of K. Knopp in case
of real numbers.
Theorem 3.11. [16] If series
∑
an of real numbers is Ep summable to s and an = o
(
1√
n
)
, then
∑
an = s.
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